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The data associated with the electromagnetic excitations of the nucleon (γ∗N → N∗) is usually
parametrized by helicity amplitudes at the resonance N∗ rest frame. The properties of the γ∗N →
N∗ transition current at low Q2 can be, however, better understood when expressed in terms of
structure form factors, particularly near the pseudothreshold, when the magnitude of the photon
three-momentum vanishes (|q| = 0). At the pseudothreshold the invariant four-momentum square
became q2 = (MR−MN)2, well in the timelike region Q2 = −q2 < 0 [MN andMR are the mass of the
nucleon and of the resonance, respectively]. In the helicity amplitude representation, the amplitudes
have well defined dependences on |q|, near the pseudothreshold, and there are correlations between
different amplitudes. Those constraints are often ignored in the empirical parametrizations of the
helicity amplitudes. In the present work we show that the structure of the transition current near
the pseudothreshold has an impact on the parametrizations of the data. We present a method
which modifies analytic parametrizations of the data at low Q2, in order to take into account the
constraints of the transition amplitudes near the pseudothreshold. The model dependence of the
parametrizations on the low-Q2 data is studied in detail.
I. INTRODUCTION
In the last two decades, there was a significant progress
in the study of the electromagnetic structure of the nu-
cleon (N) and the nucleon excited states (N∗) [1–4]. One
can probe the electromagnetic structure of the nucleon
excitations through the scattering of electrons on nucle-
ons (eN → e′N∗). The measured cross-sections include
the information about the γ∗N → N∗ transitions, which
can be expressed in terms of different structure func-
tions depending on the photon polarization and on the
four-momentum transfer squared, q2. The most common
representation of those structure functions is the helicity
amplitude representation, where all the γ∗N → N∗ tran-
sitions are parametrized in terms of the three different
polarizations of the photon, including two transverse am-
plitudes A1/2, A3/2 and one longitudinal amplitude S1/2,
depending on the angular momentum J of the nucleon
resonance N∗. Those amplitudes are usually presented
in the rest frame of the resonance (N∗) [3–7].
An alternative representation of those structure func-
tions is the form factor representation, generally derived
from the structure of the γ∗N → N∗ transition cur-
rent [3, 5–8]. Examples of the form factor representation
are the Dirac and Pauli form factors, the electric and
magnetic (Sachs) form factors of the nucleon [2]. The
nucleon resonances can also be described by the Dirac-
and Pauli-like form factors for the J = 12
±
resonances
or multipole form factors, such as the electric, magnetic
and Coulomb form factors for the J = 32
±
resonances,
with positive or negative (P = ±) parity [5–10]. The
form factor representation has some advantages in the
interpretation of the structure of the J± states, since
emphasize the symmetries associated with the nucleon
resonances [8].
In general the J± helicity amplitudes or the transition
form factors are independent functions of Q2 = −q2, ex-
cept in some particular kinematic limits. An important
limit is the pseudothreshold limit, where the magnitude
of photon three-momentum |q| vanishes, and the nucleon
and the nucleon resonance are both at rest. In this limit,
the invariant Q2 has the value Q2 = −(MR − MN )2,
where MN and MR are the mass of the nucleon and
the nucleon resonance N∗, respectively. Throughout this
work we use also R to label the N∗ or the properties of
N∗.
At the pseudothreshold the transition form factors and
the helicity amplitudes are constrained by some spe-
cific dependence on |q| [11–13]. In addition, there are
some correlations between different helicity amplitudes
and equivalently between different transition form fac-
tors [5–7]. Those constraints are the consequence of the
gauge invariant structure of the transition current and
the kinematics associated with the N∗ rest frame [5, 7].
The dependence of the transverse amplitudes (A1/2 and
A3/2) and longitudinal amplitudes in the magnitude of
the photon three-momentum |q| for the J± cases with
J = 12 ,
3
2 is summarized in the Table I. Additional dis-
cussion about those relations can be found in Refs. [5–11].
The content from Table I shows that there are con-
straints on the helicity amplitudes which cannot be ig-
nored if the pseudothreshold of the γ∗N → N∗ transi-
tion is close to the photon point Q2 = 0. This observa-
tion demonstrates the need of taking the pseudothreshold
conditions in the empirical parametrizations of the helic-
21
2
+
A1/2 ∝ |q|, S1/2 ∝ |q|2
1
2
−
A1/2 ∝ 1, S1/2 ∝ |q| S1/2 ∝ A1/2|q|
3
2
+
A1/2 ∝ |q|, S1/2 ∝ |q|2 S1/2 ∝ (A1/2 − 1√3A3/2)|q|
A3/2 ∝ |q|,
3
2
−
A1/2 ∝ 1, S1/2 ∝ |q| S1/2 ∝ (A1/2 +
√
3A3/2)|q|
A3/2 ∝ 1, (A1/2 − 1√3A3/2) ∝ |q|
2
TABLE I: Constraints at pseudothreshold.
ity amplitudes, particularly for resonances with masses
close to the nucleon.
The most popular consequence of those relations is the
relation between the electric amplitude E (combination
of longitudinal amplitudes) and the scalar amplitude S1/2
which can in general be expressed in the form
λRS1/2 = E|q|, (1.1)
where the factor λR ∝ (MR−MN ) depend on the masses
of the nucleon and the resonance. The relation (1.1) is
known as Siegert’s theorem or the long-wavelength the-
orem, since it is valid when |q| → 0 [11, 13, 14]. There
are, however, other constraints, associated with the spe-
cific dependence of the amplitudes on |q|, displayed in
Table I.
One can illustrate the importance of including the cor-
rect |q|-dependence on the amplitudes looking for the
simplest case the 12
+
helicity amplitudes. Those ampli-
tudes can be writen as [3, 15]
A1/2 ∝ |q|(τG1 +G2)
S1/2 ∝
|q|2
τ
(τG1 − τG2), (1.2)
where τ = Q
2
(MR+MN )2
, τG1 represent the Dirac form fac-
tor and G2 represent the Pauli form factor. Based on the
previous representation, we conclude that if G1 and G2
are regular functions, with no zeros and singularities at
the pseudothreshold, one has automatically A1/2 ∝ |q|
and S1/2 ∝ |q|2. Most of the empirical parametrizations
of the data based on parametrizations of the amplitudes
A1/2 and S1/2 by regular functions ignore this specific
dependence on |q|.
One concludes, then, that if we do not parametrized
directly the form factors (τG1 and G2), we need to en-
force the dependence of the amplitudes on |q| in order
to have a consistent parametrization of the data, based
on the properties of the transition currents. Empirical
parametrizations of the data which ignore the correct |q|-
dependence are inconsistent with the properties of the
transition currents and provide inconsistent descriptions
of the helicity amplitudes at low Q2.
There are in the literature several works which explore
the relations between helicity amplitudes and form fac-
tors, and try to identify in the data, signatures of the
pseudothreshold conditions. The γ∗N → ∆(1232) have
been discussed in some detail by several authors [4, 9,
10, 13, 14, 16–20]. The γ∗N → N(1535) and γ∗N →
N(1520) are also discussed in Refs. [9, 10, 13]. A consis-
tent parametrization of the helicity amplitudes (consis-
tent with the pseudothreshold conditions) based on ap-
propriated transition form factors for the J = 12 ,
3
2 res-
onances can be found in Ref. [8]. As for the states 12
+
,
as the Roper, one can conclude from the Table Ref. I,
that there is no relation associated with Siegert’s theo-
rem. This happens because for the 12
+
states there is no
electric amplitude [4, 11]. Nevertheless, there are con-
straints for the amplitudes A1/2 and S1/2, which cannot
be ignored.
The present work is motivated by a different perspec-
tive. Since the empirical parametrizations of the data
ignore in general the specific dependence on |q|, we ask
if it is possible to modify those parametrizations below
a certain value of Q2, labeled as Q2P , in order to obtain
a consistent extension to the pseudothreshold, without
spoiling the description of the available data. To test
this hypothesis, we derive analytic extensions of generic
parametrizations of the data based on the continuity of
the amplitudes and on the continuity of the first deriva-
tives of those amplitudes in the transition point Q2P .
With this procedure, we generate smooth extensions of
available parametrizations of the data, and study the con-
sistence of the results with the data and with the pseu-
dothreshold conditions. The solutions obtained can also
be used to test the sensibility of the solutions to possible
variations of the data at low-Q2 data. This study is par-
ticularly useful, since there is generally a gap in the data
between Q2 = 0 and Q2 = 0.3 GeV2.
The formalism proposed to the analytic extension for
the timelike region is general and can be applied to
any regular set of parametrizations of amplitudes, pro-
vided that those are continuous and that their first
derivatives are also continuous, in the spacelike region
(Q2 ≥ 0). To exemplify our formalism, we consider
a particular set of empirical parametrizations of the
γ∗N → N∗ helicity amplitudes, associated with the N∗
states: N(1440), N(1520), N(1535), N(1650), N(1710),
N(1720), ∆(1232), ∆(1620) and ∆(1700). We consider
the Jefferson Lab parametrization from Ref. [21], which
have been used for several authors. Those parametriza-
tions are based on simple expressions (rational functions
of
√
Q2), are in general valid in the range Q2 = 0.5–
5 GeV2, and provide a fair description of the available
data [22], in particular of the CLAS/JLab data [23–25]
at intermediate and large Q2.
This article is organized as follows: In the next section
we review the definition of the helicity amplitudes in the
N∗ rest frame and discuss which information is necessary
to derive an analytic continuation of a given amplitude.
In Sec. III we discuss the method used to extend the em-
pirical parametrization to the timelike region, including
the pseudothreshold limit. The numerical results for all
3N∗ states consider are presented and analyzed in Sec. IV.
Our outlook and conclusions are presented in Sec. V.
II. EMPIRICAL PARAMETRIZATIONS OF
HELICITY AMPLITUDES
The experimental data associated with the γ∗N → N∗
transition is usually represented in term of the helicity
amplitudes in the N∗ rest frame. Those amplitudes can
be calculated from the transition current Jµ, in units of
the proton charge e units, using [3]:
A3/2 =
√
2πα
K
〈
R,S′z = +
3
2
∣∣ ǫ+ · J ∣∣N,Sz = + 12〉
(2.1)
A1/2 =
√
2πα
K
〈
R,S′z = +
1
2
∣∣ ǫ+ · J ∣∣N,Sz = − 12〉
(2.2)
S1/2 =
√
2πα
K
〈
R,S′z = +
1
2
∣∣ ǫ0 · J ∣∣N,Sz = + 12〉 |q|Q ,
(2.3)
where S′z (Sz) is the final (initial) spin projection, q is
the photon three-momentum in the rest frame of R, Q =√
Q2 and ǫµλ (λ = 0,±1) are the photon polarization
vectors. In the previous equations α ≃ 1/137 is the fine-
structure constant and K =
M2
R
−M2
N
2MR
is the magnitude of
the photon momentum when Q2 = 0. In the rest frame
of R the magnitude of the nucleon three-momentum is
|q|, and reads
|q| =
√
Q2+Q
2−
2MR
, (2.4)
where Q2± = (MR ±MN )2 +Q2.
Depending of the spin J of the resonance one can
have two (J = 12 ) or three (J =
3
2 ) independent am-
plitudes. There are in the literature several kinds of
parametrizations of the data. The MAID parametriza-
tions are characterized by the combination of polynomi-
als and exponentials [4, 9, 10], other parametrizations
are based on rational functions [3, 8, 10]. In principle, all
those parametrizations are equivalent in a certain range
of Q2, provided that Q2 ≥ 0 and that we are not no too
close to the pseudothreshold.
The important for the following discussion is that the
parametrizations of a generic amplitude A correspond to
a regular function of Q2 (no singularities and no zeros at
Q2 = 0), and that the functions are continuous and that
the first derivatives exist and are also continuous.
We assume then that the parametrizations under dis-
cussion take known analytic forms, and that describe well
the data above a given threshold Q2P > 0. In those cases
we can check if we can derive analytic continuations to
the timelike region consistent with the pseudothreshold
conditions and with smooth transitions between the pseu-
dothresholdQ2 = −(MR−MN)2 and the pointQ2 = Q2P .
By varying the value of Q2P we infer the sensibility of
the fits to the pseudothreshold conditions. Since the em-
pirical parametrizations of the data can be in some cases
very sensitive to the low-Q2 data and also because there
is in the most resonances a gap between Q2 = 0 and
Q2 = 0.3 GeV2, we will consider three different values
for Q2P : Q
2
P = 0.1 0.3 and 0.5 GeV
2. We avoid inten-
tionally the use of the Q2 = 0, in order to derive analytic
continuation independent of the Q2 = 0 data.
The analytic continuation is derived demanding a
smooth transition between the region where the origi-
nal parametrization is assumed to be valid: the Q2 ≥
Q2P region and the region between the pseudothreshold,
Q2 = −(MR − MN)2, and the point Q2 = Q2P . The
parametrization below Q2 = Q2P must have an analyt-
ical form consistent with the shape expected near the
pseudothreshold, characterized by the expression from
Table II. The smooth transition between the two regions
is obtained by imposing the following conditions:
• The amplitude A is continuous at Q2 = Q2P ;
• The first derivative is continuous at Q2 = Q2P ;
• The second derivative is continuous at Q2 = Q2P .
In some cases, we demand also the continuity of the third
derivative at Q2 = Q2P .
To derive the analytic continuation we consider the
expansion
A(Q2) = A(0) +A(1)(Q2 −Q2P ) +
A(2)
2!
(Q2 −Q2P )2 +
A(3)
3!
(Q2 −Q2P )3 + ....,
(2.5)
where the coefficients A(k) (k = 1, 2, 3) represent the
derivatives A(k) = d
kA
dQ2k
(Q2P ) and A
(0) = A(Q2P ). In the
following we refer A(k) as the moments of the expansion
of A in Q2.
The analytic continuation for the −(MR − MN)2 <
Q2 < Q2P region is discussed in the next section.
III. ANALYTIC EXTENSION OF THE
HELICITY AMPLITUDES TO THE TIMELIKE
REGION
In the region −(MR − MN )2 < Q2 < Q2P , we con-
sider a formal representation of the helicity amplitudes
in terms of the variable |q| defined by Eq. (2.4), in order
to parametrize the leading order dependence of the am-
plitudes near the pseudothreshold. The connection |q|
and Q2 can be obtained by the inversion of the relation
(2.4):
Q2 = −(MR −MN)2 + 2MR
[√
M2N + |q|2 −MN
]
.
(3.1)
41
2
+
A1/2 = a0q˜ + a1q˜
3 + a2q˜
5 + a3q˜
7 S1/2 = c0q˜
2 + c1q˜
4 + c2q˜
6 + c3q˜
8
1
2
−
A1/2 = a0 + a1q˜
2 + a2q˜
4 + a3q˜
6 S1/2 = c0q˜ + c1q˜
3 + c2q˜
5 + c3q˜
5
3
2
+
A1/2 = a0q˜ + a1q˜
3 + a2q˜
5 + a3q˜
7 A3/2 = b0q˜ + b1q˜
3 + b2q˜
5 + b3q˜
7 S1/2 = c0q˜
2 + c1q˜
4 + c2q˜
6 + c3q˜
8
3
2
−
A1/2 = a0 + a1q˜
2 + a2q˜
4 + a3q˜
6 A3/2 = b0 + b1q˜
2 + b2q˜
4 + b3q˜
6 S1/2 = c0q˜ + c1q˜
3 + c2q˜
5 + c3q˜
7
TABLE II: Parametrizations of the helicity amplitudes for the cases 1
2
±
and 3
2
±
.
More specifically, we represent the helicity amplitudes
using an expansion in powers of |q|2 in the form
A = |q|n(α0 + α1|q|2 + α2|q|4 + α3|q|6), (3.2)
for the cases n = 0, 1, 2. The representation (3.2) is con-
sistent with all the amplitudes from Table I. The coeffi-
cients α0, α1, α2 and α3 are determined by the connec-
tion with the Q2 > Q2P region and the continuity con-
ditions associated with the amplitudes, the first and the
second derivatives of the amplitudes, as discussed next.
In some cases we use also the continuity of the third
derivative.
Note that in Eq. (3.2) there are no odd powers of |q|
in the second factor. This representation is motivated by
the relation between the derivative in |q| and Q2, where
we can conclude that the odd terms vanish near the pseu-
dothreshold1.
Instead of the variable |q|2 one can use the dimension-
less variable
q˜2 =
|q|2
4M2R
. (3.3)
For simplicity, we use also q˜ =
√
q˜2. With the new nota-
tion we can parametrize the amplitudes for the 12
±
, 32
±
resonances in the form
A = q˜n(α0 + α1q˜
2 + α2q˜
4 + α3q˜
6), (3.4)
where all the coefficients αl (l = 0, 1, 2, 3) have the
same dimensions, the dimension of the helicity ampli-
tudes (GeV−1/2). The explicit parametrizations for the
resonances under study are in Table II.
In Table II we use al, bl and cl (l = 0, 1, 2, 3) to rep-
resent the coefficients of the amplitudes A1/2, A3/2 and
S1/2, respectively. The effect of the power q˜
2 in Eq. (3.4),
can be taken into account redefining A as Aq˜ or
A
q˜2 .
1 The relation between a derivative of a function F in |q| and Q2
is
dF
d|q|
=
4M2R|q|
M2R +M
2
N +Q
2
dF
dQ2
.
If F is a regular function, finite at Q2 = 0, one concludes that
dF
d|q| vanishes at pseudothreshold.
The coefficients αl (l = 0, 1, 2, 3) are determined
based on the correlations between the amplitudes (pseu-
dothreshold conditions) and the continuity conditions for
A and the their derivatives, characterized by the mo-
ments A(k) (k = 0, 1, 2, 3). There are two cases to be
considered:
1. The amplitude is independent of the pseudothresh-
old conditions.
2. The amplitude is correlated with another ampli-
tude.
In the first case, we can determine all coefficients us-
ing the continuity of A and the first three derivatives at
the point Q2 = Q2P to fix all the coefficients. The last
coefficient, α3 is in this case determined by A
(3) (firth
derivative of A).
In the second case we use the correlation condition to
fix the first coefficient (α0) and the remaining coefficients
are determined by the continuity of the amplitude and
the first two derivatives at the point Q2 = Q2P .
The explicit expressions for the two cases are presented
in Appendix A for the function (3.4) for the case n = 0.
The other cases can be obtained using the corresponding
results for Aq˜ or
A
q˜2 .
Since the longitudinal amplitude (S1/2) is in general
poorly constrained near Q2 = 0, because there are no
measurements at Q2 = 0, in our calculations we choose
to fix the coefficients of S1/2 using the correlations with
the transverse amplitudes.
The coefficients of the transverse amplitudes (A1/2 and
A3/2) can in principle be considered independent of the
pseudothreshold conditions. In those conditions all the
coefficients can be determined using the continuity of the
amplitude and the first three derivatives, as mentioned
above. The states 32
−
are the exception to this role be-
cause the two transverse amplitudes are also correlated,
as shown in the second column of Table I.
We now consider the different JP states.
A. 1
2
+
states
For the 12
+
states there are no special constraints at
the pseudothreshold, except for the form:
A1/2 ∝ |q|, S1/2 ∝ |q|2, (3.5)
5presented in Table I.
In the present case, we can determine all coefficients of
the amplitudes A1/2 and S1/2 demanding the continuity
of the amplitudes and the first three derivatives indepen-
dently, since those amplitudes are uncorrelated (case 1).
From the parametrizations from Ref. [21], there are two
resonances to be taken into account: N(1440) (Roper)
and N(1710).
B. 1
2
−
states
The 12
−
states are characterized by the relation [7, 9]
A1/2 =
√
2(MR −MN)
S1/2
|q| . (3.6)
The previous relation is equivalent to Eq. (1.1), since
E ∝ A1/2.
An alternative view of the pseudothreshold con-
straints is obtained when we consider the Dirac (F1)
and Pauli (F2) form factors. In that case we can
write, near the pseudothreshold A1/2 = 2bF˜1 and
S1/2 =
√
2b |q|MR−MN F˜1, where F˜1 = F1 +
MR−MN
MR+MN
F2 and
b ∝
√
Q2+ is a known function [9]
2. Check Ref. [9] for
more details.
According to parametrization from Table II, the con-
dition (3.6) corresponds to
MR −MN√
2MR
c0 = a0. (3.7)
The bold variable c0 in Table II indicates that c0 is fixed
by (3.7).
The amplitude A1/2 can be considered independent
with the coefficients determined by the continuity condi-
tions of the amplitude and the first three derivatives (case
1). The coefficient c0 is determined by Eq. (3.7) using the
value of a0. The remaining coefficients cl (l = 1, 2, 3) are
determined by the continuity conditions associated with
the amplitude S1/2 and the first two derivatives (case 2).
This formalism can be used for the states N(1535),
N(1650) and ∆(1620).
C. 3
2
+
states
The 32
+
are constrained by the condition between elec-
tric and Coulomb Jones-Scadron form factors [6, 7]
GE =
MR −MN
2MR
GC . (3.8)
2 The Dirac form factor is related with G1 from Eqs. (1.2) by
F1 = τG1.
When expressed in terms of helicity amplitudes, we
obtain the relations GE = F+
(
A1/2 − 1√3A3/2
)
and
|q|
2MR
GC = F+
√
2S1/2, where F+ ∝ 1/|q| is a kinematic
factor. One obtains then the relation between ampli-
tudes [6]
A1/2 − 1√3A3/2 =
√
2
MR −MN
|q| S1/2. (3.9)
According to the parametrizations from Table II, the pre-
vious equation is equivalent to
MR −MN√
2MR
c0 = a0 − b0√
3
. (3.10)
An additional consequence of the relations A1/2,
A3/2 ∝ |q| is that
GM ∝ (A1/2 − 1√3A3/2)/|q| ∝ 1, (3.11)
near the pseudothreshold, meaning that GM is finite
when |q| → 0 [8, 10].
In the present case the amplitudes A1/2 and A3/2 are
uncorrelated and all coefficients can be determined in-
dependently using the continuity of the amplitudes and
the first three derivatives (case 1). The coefficient c0 is
determined afterwards using Eq. (3.10). The reaming co-
efficients are determined by the continuity of the function
and the first two derivatives at the point Q2 = Q2P (case
2).
This formalism can be applied to the resonances
∆(1232) and N(1720).
D. 3
2
−
states
Contrary to the previous cases there are two conditions
at the pseudothreshold: [3, 7, 8, 10]:
GE = −MR −MN
MN
GC , (3.12)
GM ∝ |q|2. (3.13)
One has then constraints for the three form factors.
When expressed in terms of the helicity amplitudes,
we obtain:
A1/2 +
√
3A3/2 = −2
√
2
MR −MN
|q| S1/2, (3.14)
A1/2 − 1√3A3/2 ∝ |q|
2. (3.15)
Based on the parametrization from Table II, we derive
the relations between coefficients
b0 =
√
3a0, (3.16)
−MR −MN
2
√
2MR
c0 = a0. (3.17)
6In the case of the resonances 32
−
one has then two con-
straints for the three amplitudes expressed by Eqs. (3.16)
and (3.17). Since a0 appear in both conditions, we use
the continuity of A1/2 and the first three derivatives to
fix the coefficients al first (case 1). After that, we fix the
coefficients b0 and c0 using Eqs. (3.16) and (3.17), and
determine the remaining coefficients thought the conti-
nuity of A3/2 and S1/2 and the first two derivatives (case
2).
The present formalism can be applied to the resonances
N(1520) and ∆(1700).
IV. NUMERICAL RESULTS
We present now the numerical results associated with
different 12
±
and 32
±
states.
The formalism discussed in the previous section is gen-
eral, and can be applied to any regular set of parametriza-
tions of the amplitudes, provided that the amplitudes are
continuous and that the first derivatives are also contin-
uous in the spacelike region Q2 ≥ 0.
To exemplify the method we consider the empirical
parametrizations from the Jefferson Lab from Ref. [21].
Those parametrizations are based on simple rational ex-
pressions, and are in general valid in the range Q2 = 0.5–
5 GeV2, and provide a fair description of the available
data, in particular the CLAS data.
To study the sensibility of the analytic extensions
to the transition point (Q2P ) between the original
parametrization and our analytic extension, we consider
the values Q2P = 0.1, 0.3 and 0.5 GeV
2.
Our analytic extensions are also compared directly
with the data, particularly the database from Ref. [22].
We recall that the N∗ helicity amplitude data are in gen-
eral scarce, except for the states ∆(1232)32
+
, N(1440)12
+
,
N(1520)32
−
and N(1535)12
−
. The data for most of the
other states is incomplete, since it is restricted mainly
to the transverse amplitudes, and also restricted to 3 or
5 datapoints. For these reasons, we select in particular
data from CLAS: the CLAS data are complete and covers
a wide range in Q2.
Another limitation of the data is that there are a lack of
data in the region Q2 = 0–0.3 GeV2. As a consequence,
the analytic extrapolations for the low-Q2 region are very
sensitive to the available data, leading to ambiguities in
the extrapolations to the region Q2 < 0. These effects
are sometimes amplified by the correlation between the
amplitudes near the pseudothreshold.
Of particular importance is the experimental determi-
nation of the transverse amplitudes at the photon point
(Q2 = 0). Different groups provide very different es-
timates for those amplitudes. The particle data group
(PDG) summarizes the results using an interval with a
large window of variation in some cases.
Our results for the resonances 12
+
, 12
−
, 32
+
and 32
−
are
presented in the Figs. 1, 2, 3 and 4, respectively. The ta-
bles with the coefficients associated to each parametriza-
tion are presented in Appendix C. In all cases we include
the original fit (dark solid line) in the Q2 > 0 region,
although the line is not always visible due to the overlap
of lines.
The states ∆(1232)32
+
, N(1440)12
+
, N(1520)32
−
and
N(1535)12
−
are discussed discussed first. Later we ana-
lyze the remaining cases.
A. N(1440) 1
2
+
Our results for N(1440)12
+
are at the top of Fig. 1.
The N(1440)12
+
state is interesting because there is
no direct relation between the two amplitudes. The ef-
fect of the pseudothreshold is restricted to the leading
order dependence of the amplitudes on |q| near the pseu-
dothreshold, presented in Eqs. (3.5). Nevertheless, there
are still interesting features in the different extension for
the timelike region depending on the value of Q2P .
From the results for the amplitude A1/2 we can con-
clude that the extrapolations for Q2 < Q2P are very sen-
sitive to the value of Q2P . This happens because the orig-
inal parametrization has a large derivative near Q2 = 0
in order to describe the Q2 = 0 data. All the extrapo-
lations attempt to provide a smooth transition between
the result at Q2 = 0 and the result at pseudothresh-
old (A1/2 = 0). Note, however, that the parametriza-
tion with Q2P = 0.1 GeV
2 has a strong deflection near
Q2 = 0 inducing a significant increment of the magni-
tude of the amplitude followed by a fast reduction to
zero at the pseudothreshold. The extension associated
with Q2P = 0.3 GeV
2 is the one with the best balance
between the description of the data and a smoother tran-
sition to the pseudothreshold, and it is also close to the
Q2 = 0 datapoint. The A1/2 amplitude provide a good
example about the sensitivity of the parametrizations to
the low-Q2 data.
As for the amplitude S1/2 all the parametrizations are
consistent with the data.
Only new data below Q2 = 0.3 GeV2 can help to de-
termine the shape of A1/2 and S1/2 near Q
2 = 0, and to
select which analytic extension is better.
B. N(1535) 1
2
−
Our results for the N(1535)12
−
are at the top of Fig. 2.
From the graphs for A1/2 we can conclude that all the
extensions are equivalent. The results for S1/2, however,
are very different. It is clear from the graph the strong
dependence of the analytic extensions on the point Q2P .
This result shows how relevant is the pseudothreshold
condition (3.6), since the extrapolation demands a pos-
itive derivative for S1/2 near the pseudothreshold. It is
worth mentioning that similar shapes can be obtained
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FIG. 1: γ∗N → N∗
(
1
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+
)
transition amplitudes. N∗ = N(1440), N(1710). Data for N(1440) from Refs. [23–26]. Data for N(1710) from
Refs [26, 27] (3 datapoints for Q2 > 2 GeV2 are not shown).
when we use phenomenological motivated parametriza-
tions similar to the ones from MAID (combination of
polynomials and exponentials) [9].
The exact point where the function S1/2 starts to ap-
proach zero when Q2 decreases, still in the spacelike re-
gion (Q2 > 0), cannot be determined by the data, since
there are no S1/2 data below Q
2 = 0.3 GeV2. Our ex-
trapolation for the timelike region provide then a excel-
lent example of how important are measurements below
Q2 = 0.3 GeV2.
Our results for N(1535)12
−
provide another example
of the impact of the pseudothreshold in the parametriza-
tions of the data. Based on the available S1/2 data, we
cannot distinguish between the three analytic extensions
for Q2 < 0. Only future and accurate data can decide
which extension for the Q2 < 0.5 GeV2 region is better.
In the present case it can be interesting to discuss the
constraints imposed in the parametrizations of A1/2 and
S1/2. We recall that we impose that parametrization
of A1/2 is fixed by the continuity of the amplitude and
the first three derivatives of the amplitude at Q2 = Q2P ,
while for S1/2 we demanded only the continuity of the
amplitude and the first two derivatives. We impose then
stronger conditions for A1/2, since as mentioned the func-
tion A1/2 is constraint more accurately be the data, since
the errorbars are smaller and we have an estimate of A1/2
at Q2 = 0. As a consequence of those constraints, all
extensions of A1/2 are described by smooth functions,
almost undistinguished between them (check overlap of
lines). All those extensions are consistent with a very
small third derivative of A1/2 near Q
2 = 0.
From the graph for A1/2, one can notice, however, that
the datapoint at Q2 = 0 have a very large errorbar. In
the present case this happens because the data selected
by the PDG have a large dispersion and PDG consider a
very large window of variation. Since A1/2(0) is poorly
determined, one can question if use the amplitude A1/2
as reference is in fact a good choice, and if we should
not consider the hypothesis of using the amplitude S1/2
as reference, although based on data with larger error-
bars. If we use this alternative procedure, we are replac-
ing a parametrization derived from the condition that
the third derivative of A1/2 is small (A
(3)
1/2 ≈ 0), by a
parametrization that assumes that it is the function S1/2
that is smooth, with coefficients determined by the first
three derivatives of S1/2. In that case we used Eq. (3.6)
to determine the shape of A1/2 near the pseudothreshold
based on the shape of S1/2.
In order to test the impact of this alternative method
to the pseudothreshold constraints, we re-calculate the
parameters of the amplitudes A1/2 and S1/2 based on the
previous hypothesis: fix S1/2 by the first three derivatives
and A1/2 by Eq. (3.6) and the first two derivatives, also
for the points Q2P = 0.1 0.3 and 0.5 GeV
2. The new
estimates are represented in the graphs by the thin lines
with the same convention. It is clear from the graphs
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FIG. 2: γ∗N → N∗
(
1
2
−)
transition amplitudes. N∗ = N(1535), N(1650), ∆(1620). The tick lines for the N(1535) describe alternative
parametrizations discussed in the main text. Data for N(1535) from Ref. [23, 26]. Data for N(1650) from Ref. [26, 28]. Data for ∆(1620)
from Ref. [25, 26].
that A1/2 is not described by smooth functions nearQ
2 =
0. The results for A1/2 are now described by functions
consistent with a large A
(3)
1/2.
As for the amplitude S1/2 is is now described by very
smooth functions of Q2 in the timelike region. All the
extensions of S1/2 are now very similar.
We emphasize that both descriptions (thin-lines and
solid-lines) are consistent with the available data, where
one has a gap in the region Q2 = 0–0.3 GeV2, and the
large error for A1/2(0). One concludes, then that only
new data for S1/2 or more accurate result for A1/2(0)
can decide which description of the low Q2 and of the
pseudothreshold is the best.
C. ∆(1232) 3
2
+
Our results for the ∆(1232)32
+
are at the top of Fig. 3.
From the graphs we can conclude that the parametriza-
tion characterized by Q2P = 0.3 GeV
2 (dashed-line) is
the one that better describe the data, more specifically
the Q2 < 0.3 GeV2 data. There are two main explana-
tions for this result. One of the reasons is due to the
fact that the parametrizations from Ref. [21] are based
on simple rational functions of Q =
√
Q2, and there-
fore do not try to describe in detail the low-Q2 region,
since they are more focused on the Q2 = 0.5–5 GeV2 re-
gion. Another reason is that the photon point (Q2 = 0)
is in the present case very close to the pseudothreshold
Q2 = −(MR−MN)2 ≃ −0.09 GeV2. The consequence of
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transition amplitudes. N∗ = ∆(1232), N(1720). Data for ∆(1232) from Refs. [23, 26, 29–31]. Data for N(1720)
from Refs. [26, 32]. For the N(1720) we include also the result at Q2 = 0 from Refs. [33] used in the parametrization.
the closeness between those two points is that the pseu-
dothreshold constraints (3.10), and A1/2, A3/2 ∝ |q| de-
mand a sharp variation between the results near Q2 = 0
and the pseudothreshold, where all the amplitudes van-
ish, although with different rates.
The sharp variation near the pseudothreshold can be
understood in a simple terms, noting that using the dom-
inance of the magnetic form factor (GM ) over the electric
form factor (GE) we can write [6, 35, 36]:
A1/2 = −BGM , A3/2 = −
√
3BGM , (4.1)
where
B = 1
2
MR
MN
√
πα
MMRK
|q|√
1 + τ
∝ |q|. (4.2)
In the region −(MR −MN )2 ≤ Q2 ≤ 0 one can approx-
imate
√
1 + τ ≃ 1 with an accuracy better than 1%. In
these conditions GM determine the amplitudes A1/2 and
A3/2 completely.
Assuming that GM is a smooth function of Q
2 in the
interval [−(MR −MN )2, 0], we can write
GM (Q
2) ≃ GM (0) +G′M (0)Q2
≃ [GM (0)−G′M (0)(MR −MN )2] +G′M (0)
MR
MN
|q|2,
(4.3)
where the use the expansion Q2 ≃ −(MR − MN)2 +
MR
MN
|q|2, for small |q| based on Eq. (3.1).
A simple estimate based on the MAID 2007
parametrization [4] gives GM (Q
2) ≃ 3.75 − 10.17 |q|2
M2
N
.
Based on the previous result, one obtains
A1/2 ≃
A3/2√
3
= −b
(
3.75− 10.17 |q|
2
M2N
)
|q|, (4.4)
where b = 0.0908 GeV−3/2. The leading order term is
then corrected by a term in |q|3 ensuring a smooth tran-
sition to the Q2 > 0 region.
The study of the pseudothreshold constraints on the
γ∗N → ∆(1232) transition can also be performed using
the form factor representation, based on Siegert’s theo-
rem (3.8). From the theoretical point of view, the electric
and Coulomb form factor data at lowQ2 can be described
by a combination of valence quark and pion cloud ef-
fects [37], where both contributions are compatible with
the relation (3.8) [16–18].
The data presented in Fig. 3 deserves some discus-
sion. Contrary to the most of the resonances there are for
the ∆(1232) finite Q2 data below Q2 = 0.3 GeV2. The
database from Ref. [22] include data from CLAS [23] and
low-Q2 data from different sources such as MAMI [30],
MIT-Bates [31, 34] and data at Q2 = 0 from PDG [26].
In the present study, however, we replaced the data
for Q2 < 0.15 GeV2 by more recent estimates of the
data. Concerning the data for Q2 = 0 for A1/2 and
A3/2, we use the data associated to GM (0) and the ratio
REM = − GE(0)GM (0) , also from PDG [26]. This procedure is
justified by the difference of results for the form factors
obtained when we use the helicity amplitudes [38].
As for the Q2 < 0.15 GeV2 data, we replace the re-
sults from MAMI and MIT-Bates (Q2 = 0.06 and 0.127
GeV2) [30, 31, 34] by the recent results from JLab/Hall
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FIG. 4: γ∗N → N∗
(
3
2
−)
transition amplitudes. N∗ = N(1520), ∆(1700). Data for N(1520) from Refs. [23–26]. Data for ∆(1700) from
Refs. [26, 28].
A (Q2 = 0.09 and 0.13 GeV2) [29]. This procedure is
motivated by the conclusion that there were errors in the
previous analysis which lead to a overestimation of the
results for GE and GC , as discussed in Refs. [17, 29].
The data for A1/2, A3/2 and S1/2 presented here is con-
verted from the results for the form factors presented in
Refs. [17, 18]. For the conversion we used the MAID 2007
parametrization [4] for the magnetic form factor, since it
is simple and accurate in the region of study.
D. N(1520) 3
2
−
Our results for the N(1520)32
−
are at the top of Fig. 4.
From the graphs we conclude that the amplitudes A3/2
and S1/2 are very sensitive to Q
2
P , while the amplitude
A1/2 is almost independent of Q
2
P in the region Q
2 > 0.
From all the analytic extensions only the parametriza-
tions with Q2P = 0.1 GeV
2 are consistent with the data
for A3/2(0). As for the amplitude S1/2, all the extensions
are valid, since there are no data for Q2 < 0.3 GeV2.
Overall, we can conclude that the parametrizations
with Q2P = 0.1 GeV
2 provide a smooth extrapolation to
the timelike region and are consistent with the available
data.
E. Other resonances
The remaining resonances show that some amplitudes
are very sensitive to the threshold of the extrapolation
(value of Q2P ). This result is also a consequence of the
limited data used in the calibrations (between 3 and 5
points) combined with the unexisting data below Q2 =
0.5 GeV2, except for Q2 = 0.
The exception is the state N(1710)12
+
. Those results
are a consequence of the lack of constraints, apart the
relations (3.5), and also to the more significant distance
between the Q2 = 0 data and the pseudothreshold. This
distance is about 0.6 GeV2, much larger that the N(1440)
case (≈ 0.25 GeV2). In the case of the N(1710) there is
more room for the amplitudes to fall down to the pseu-
dothreshold.
Concerning the resonance ∆(1620)12
−
, a note about
the parametrizations from Ref. [21] is in order. The orig-
inal parametrization has the form S1/2 ∝ 1/Q3, meaning
that it diverge in the limit Q2 → 0. We modified the
parametrization to S1/2 ∝ 1/(Λ3 + Q3) using a finite
value to Λ in order to derive our analytic extension to
Q2 < 0. We use, in particular Λ3 = 0.1 GeV3. With
this modification we obtain a parametrization close to
the original data and avoid the divergence of S1/2. Nev-
ertheless, we obtain very large values for the magnitude
of S1/2 near Q
2 = 0, and below that point.
V. OUTLOOK AND CONCLUSIONS
In the present work we analyze the impact of the pseu-
dothreshold constraints in the empirical parametrizations
of the γ∗N → N∗ transition amplitudes. The formalism
proposed can be applied to any analytic parametrizations
of the transition amplitudes in the spacelike region. To
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exemplify the potential of the method, we restrict the
applications to the JLab parametrizations from Ref. [21],
since they cover the region Q2 = 0–5 GeV2, and provide
a good description of the overall data in general and the
large Q2 from CLAS/JLab.
The sensibility of the parametrizations is determined
looking to the point Q2P where the parametrizations are
modified in order to be consistent with the pseudothresh-
old conditions demanded by the structure of transition
current. Motivated by the Q2 distribution of the mea-
sured data which have in general a gap in the regionQ2 =
0–0.3 GeV2, we derived analytic continuations for the re-
gion between the pseudothreshold Q2 = −(MR −MN )2
up to the point Q2P , for Q
2
P = 0.1, 0.3 and 0.5 GeV
2.
For resonances characterized by a small number of dat-
apoints (3 to 5), our results are not conclusive, either by
the lack low-Q2 data (Q2 < 0.5 GeV2), or because the
pseudothreshold is far away from the photon point.
As for the more well known resonances: ∆(1232)32
+
,
N(1440)12
+
, N(1520)32
−
and N(1535)12
−
, the results are
very relevant for different reasons.
Our results for the ∆(1232) show conclusively that the
constraints at pseudothreshold cannot be ignored below
0.3 GeV2. This result is also a consequence of the close-
ness between the pseudothreshold (≈ −0.09 GeV2) and
the photon point (Q2 = 0).
For the N(1440), we conclude that the parametriza-
tions are almost insensitive to the pseudothreshold con-
ditions except for the region Q2 < 0.3 GeV2. More low-
Q2 data is necessary the determine the correct shape of
A1/2 below Q
2 < 0.3 GeV2.
The results for N(1520) manifest a significant depen-
dence of the amplitudes A3/2 and S1/2 on the value of
Q2P . Only the extension with Q
2
P = 0.1 GeV
2 is con-
sistent with the available data, meaning that the pseu-
dothreshold constraints are relevant only for Q2 < 0.1
GeV2.
Finally, for the N(1535), we obtain several analytic ex-
tensions to the timelike region are compatible with the
available data. One concludes that accurate measure-
ments of A1/2 at photon point and new measurements of
the longitudinal amplitude S1/2 are fundamental to de-
termine the shape of the two amplitudes below Q2 = 0.3
GeV2.
Overall, we conclude that the impact of the pseu-
dothreshold conditions can be observed definitely in the
case of the ∆(1232) near Q2 = 0.3 GeV2. A soft
transition to the pseudothreshold limit can also be ob-
served in the N(1520). In the remaining cases, there
are parametrizations compatible with the pseudothresh-
old conditions, but the upcoming data from the JLab-12
GeV upgrade below Q2 = 0 will be very important to
pin down the shape of the transition amplitudes below
Q2 = 0.3 GeV2.
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Appendix A: Determination of the coefficients αl
We consider here the amplitude A from Eq. (3.4) with
n = 0. The other cases can be extrapolated using the
functions A/q˜ or A/q˜2.
The coefficients αl of the function A from Eq. (3.4)
can be determined using the continuity of the functions
A, dAdq˜2 , and
d2A
dq˜4 at the point Q
2 = Q2P . For convinience,
we represent the moments of the expansion (3.4) by
A˜(k) =
dkA
dq˜2k
(Q2P ), (A1)
for k = 0, 1, 2, 3. The conversion between the moments
of the expansion in Q2 (A(k)) into the moments of the
expansion in q˜2 (A˜(k)) is presented in the Appendix B.
The continuity of A, dAdq˜2 , and
d2A
dq˜4 implies that
α0 + α1q˜
2
p + α2q˜
4
p + α3q˜
6
p = A˜
(0), (A2)
α1 + 2α2q˜
2
p + 3α3q˜
4
p = A˜
(1), (A3)
2α2 + 6α3q˜
2
p = A˜
(2), (A4)
where q˜2p represent q˜
2 for Q2 = Q2P .
From the previous equations, one obtains
α2 =
1
2
A˜(2) − 3α3q˜2p (A5)
α1 = A˜
(1) − A˜(2)q˜2p + 3α3q˜4p (A6)
α0 = A˜
(0) − A˜(1)q˜2p + 12 A˜(2)q˜4p − α3q˜6p. (A7)
The previous equations can be used to calculate α0, α1
and α2 once fixed the value of α3.
In the present work we use Eqs. (A5)–(A7) to calculate
the coefficients based on two different conditions:
1. The coefficient α3 is determined using the continu-
ity of the third derivative:
6α3 = A˜
(3); (A8)
2. The coefficient α0 is determined by a pseudothresh-
old condition. The coefficient α3 can then be de-
termined by Eq. (A7) using
α3 = (A˜p − α0) 1
q˜6p
, (A9)
where A˜p ≡ A˜(0) − A˜(1)q˜2p + 12 A˜(2)q˜4p.
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According to the discussion from Sec. III, the first con-
dition is used in case 1. The second condition is used in
the case 2.
In general Eq. (A8) is used only for the amplitudes
A1/2 andA3/2, depending on the J
P state. The exception
is the amplitude S1/2 for the
1
2
+
, for which there is no
particular correlation between amplitudes.
Appendix B: Derivatives of amplitudes in q˜2
In the present appendix, we derive the expressions nec-
essary to calculate moments A˜(k) of the expansion (3.4).
The coefficients αl associated with the amplitudes A1/2,
A3/2 and S1/2 can then be determined based the values
A˜(k) based on the relations from Appendix A.
For the purpose of the discussion, we consider a generic
amplitude
A(q˜2) = q˜n(a0 + a1q˜
2 + a2q˜
4 + a3q˜
6), (B1)
where n = 0, 1, 2 and al (l = 0, 1, 2, 3) are real numbers.
Depending of the helicity amplitude under discussion,
we need to calculate the following derivatives
dA
dq˜2
,
d
dq˜2
(
A
q˜
)
,
d
dq˜2
(
A
q˜2
)
, ... (B2)
For convenience, we use
dQ2
dq˜2
= (4M2R)
2Z, (B3)
where
Z =
2M2R
M2R +M
2
N +Q
2
. (B4)
The results for the diferent derivatives in q˜2 for the
cases n = 0, 1, 2 are in Table B1.
Appendix C: Coefficients associated with the
analytic extensions for Q2 < Q2P
We present here the coefficients associated with all the
1
2
±
and 32
±
according with the expressions from Table II.
Those parametrizations are used in the numeric results
from Sec. IV. The numerical values of the coefficients are
determined by the relations between the coefficients al, bl
and cl and the derivatives in q˜
2, according with relations
derived in Appendix B.
We use αl to represent al, bl and cl (l = 0, 1, 2, 3) ac-
cording with the corresponding amplitude. To represent
the values of b0 and c0 determined by some pseudothresh-
old condition we use bold.
We use also bold to represent the values of b3 and c3
when they are determined by continuity conditions (see
Appendix A), and not by the third derivative of the am-
plitudes.
The large magnitude of some coefficients is not an
handicap because those coefficients are multiplied by
powers of q˜2 which can be very small near Q2 = 0 where
|q| ≃ M2R−M2N2MR and q˜2 ≃
(
M2
R
−M2
N
4M2
R
)2
.
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n = 0
A = a0 + a1q˜
2 + a2q˜
4 + a3q˜
6 A˜(0) ≡ A
dA
dq˜2
= a1 + 2a2q˜
2 + 3a3q˜
4 A˜(1) ≡ dA
dq˜2
= Z(4M2R)
dA
dQ2
d2A
dq˜4
= 2a2 + 6a3q˜
2 A˜(2) ≡ d2A
dq˜4
= Z2(4M2R)
2 d2A
dQ4
− 2Z3(4M2R) dAdQ2
d3A
dq˜6
= 6a3 A˜
(3) ≡ d3A
dq˜6
= Z3(4M2R)
3 d3A
dQ6
− 6Z4(4M2R)2 d
2A
dQ4
+ 12Z5(4M2R)
dA
dQ2
n = 1
A
q˜
= a0 + a1q˜
2 + a2q˜
4 + a3q˜
6 A˜(0) ≡ A
q˜
d
dq˜2
(
A
q˜
)
= a1 + 2a2q˜
2 + 3a3q˜
4 A˜(1) ≡ d
dq˜2
(
A
q˜
)
= Z
q˜
(4M2R)
dA
dQ2
− 1
2q˜3
A
d2
dq˜4
(
A
q˜
)
= 2a2 + 6a3q˜
2 A˜(2) ≡ d2
dq˜4
(
A
q˜
)
= Z
2
q˜
(4M2R)
2 d2A
dQ4
− d11(4M2R) dAdQ2 + 34q˜5A
d3
dq˜6
(
A
q˜
)
= 6a3 A˜
(3) ≡ d3
dq˜6
(
A
q˜
)
= Z
3
q˜
(4M2R)
3 d3A
dQ6
− d12(4M2R)2 d
2A
dQ4
+ d13(4M
2
R)
dA
dQ2
− 15
8
1
q˜7
A
d11 = 2
Z3
q˜
+ Z
q˜3
, d12 = 6
Z4
q˜
+ 3
2
Z2
q˜3
, d13 = 12
Z5
q˜
+ 3Z
3
q˜3
+ 9
4
Z
q˜5
n = 2
A
q˜2
= a0 + a1q˜
2 + a2q˜
4 + a3q˜
6 A˜(0) ≡ A
q˜2
d
dq˜2
(
A
q˜2
)
= a1 + 2a2q˜
2 + 3a3q˜
4 A˜(1) ≡ d
dq˜2
(
A
q˜2
)
= Z
q˜2
(4M2R)
dA
dQ2
− 1
q˜4
A
d2
dq˜4
(
A
q˜2
)
= 2a2 + 6a3q˜
2 A˜(2) ≡ d2
dq˜4
(
A
q˜2
)
= Z
2
q˜2
(4M2R)
2 d2A
dQ4
− 2d21(4M2R) dAdQ2 + 2q˜6A
d3
dq˜6
(
A
q˜2
)
= 6a3 A˜
(3) ≡ d3
dq˜6
(
A
q˜2
)
= Z
q˜2
(4M2R)
3 d3A
dQ6
− 3d21Z(4M2R)2 d
2A
dQ4
+ 6d22(4M
2
R)
dA
dQ2
− 6
q˜8
A
d21 =
Z3
q˜2
+ Z
q˜4
, d22 = 2
Z5
q˜2
+ Z
3
q˜4
+ Z
q˜6
TABLE B1: Relations between derivatives in q˜2 and in Q2 for the different kind of amplitudes (A with n = 0, 1, 2). To compact the
notation we use the coefficients dij .
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Q2P = 0.5 α0 α1 α2 α3
A1/2 −0.518902 1.40418 −126.684 462.706
S1/2 1.36502 −18.5761 −78.0445 77.6039
Q2P = 0.3 α0 α1 α2 α3
A1/2 −0.785212 28.3964 −387.070 2051.73
S1/2 −1.91411 −37.9088 243.651 189.756
Q2P = 0.1 α0 α1 α2 α3
A1/2 −1.7502 111.396 −2807.72 25950.4
S1/2 3.12672 −104.533 1175.46 207.220
TABLE C1: γ∗N → N(1440) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 0.296043 −5.9322 51.4532 −173.258
S1/2 −0.378948 6.79701 −4.40256 54.7205
Q2P = 0.3 α0 α1 α2 α3
A1/2 0.291813 −5.67162 46.1243 −137.044
S1/2 −0.468783 10.2482 −78.7695 82.5764
Q2P = 0.1 α0 α1 α2 α3
A1/2 0.225759 −0.654859 −81.5399 951.124
S1/2 −0.604156 16.7325 −154.604 26.0251
TABLE C2: γ∗N → N(1710) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 0.090914 0.119038 −2.3216 6.48686
S1/2 0.331137 −18.2005 288.351 −1523.15
Q2P = 0.3 α0 α1 α2 α3
A1/2 0.0907717 0.126568 −2.45534 7.28421
S1/2 0.330619 −24.8994 53.5587 −3817.59
Q2P = 0.1 α0 α1 α2 α3
A1/2 0.0907369 0.129101 −2.51748 7.79861
S1/2 0.330492 −38.109 1230.24 −13063.4
TABLE C3: γ∗N → N(1535) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 −0.0209261 5.38277 −84.900 438.327
S1/2 −0.0762193 0.971667 −12.4268 49.7457
Q2P = 0.3 α0 α1 α2 α3
A1/2 −0.0242783 7.41436 −156.336 1090.34
S1/2 −0.0884291 1.64502 −24.8946 127.243
Q2P = 0.1 α0 α1 α2 α3
A1/2 −0.030073 11.4981 −359.150 3736.84
S1/2 −0.109535 3.3004 −68.7287 518.954
TABLE C4: Alternative parametrization of the γ∗N → N(1535)
amplitudes. Q2P is in GeV
2. The coefficients αl are in units
GeV−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 0.142422 −5.79626 115.585 −70.1816
S1/2 0.467419 −23.2528 371.632 −2062.46
Q2P = 0.3 α0 α1 α2 α3
A1/2 0.0760716 −2.18877 49.9178 −30.1584
S1/2 0.249662 −16.5089 343.618 −2482.9
Q2P = 0.1 α0 α1 α2 α3
A1/2 0.090202 −3.40031 8.4172 −621.988
S1/2 0.296037 −26.5081 757.261 −7331.82
TABLE C5: γ∗N → N(1650) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 −0.222008 8.94149 −54.5315 40562.8
S1/2 0.376279 −63.8074 1452.82 −9330.46
Q2P = 0.3 α0 α1 α2 α3
A1/2 0.103768 −2.43923 20.5855 −47.1724
S1/2 0.349098 −143.221 4483.94 −38221.5
Q2P = 0.1 α0 α1 α2 α3
A1/2 −0.0286342 7.86948 −249.046 2321.03
S1/2 −0.0963313 −302.370 13246.5 −151814
TABLE C6: γ∗N → ∆(1620) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
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Q2P = 0.5 α0 α1 α2 α3
A1/2 −1.31696 20.8973 −152.177 432.678
A3/2 −2.50249 39.7156 −289.142 821.972
S1/2 0.7603 −9.16853 32.9455 23.0761
Q2P = 0.3 α0 α1 α2 α3
A1/2 −1.7334 4.01456 −453.812 2034.29
A3/2 −3.29362 76.2813 −862.158 3864.57
S1/2 0.999969 −10.6634 −100.784 1602.39
Q2P = 0.1 α0 α1 α2 α3
A1/2 −2.65243 121.073 −2942.32 28629.9
A3/2 −5.03968 230.038 −5590.14 54394.4
S1/2 1.5296 31.2009 −4345.91 80685.6
TABLE C7: γ∗N → ∆(1232) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 1.59819 −51.0306 611.814 −2617.24
A3/2 −0.299769 4.60727 −53.6327 264.652
S1/2 5.51665 −279.812 4730.17 −28129.4
Q2P = 0.3 α0 α1 α2 α3
A1/2 1.71128 −56.595 701.596 −3089.18
A3/2 −0.331924 6.40925 −87.4375 476.943
S1/2 5.92669 −379.669 8028.15 −57685.2
Q2P = 0.1 α0 α1 α2 α3
A1/2 −0.201537 87.4776 −2932.73 27607.8
A3/2 −0.374382 9.4823 −162.046 1084.47
S1/2 0.0455105 −10.1647 286.393 −3589.74
TABLE C8: γ∗N → N(1720) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 0.0554115 −4.19601 49.2566 −189.638
A3/2 0.0959755 0.557009 −31.5392 219.895
S1/2 −0.410027 3.89212 17.3572 −263.005
Q2P = 0.3 α0 α1 α2 α3
A1/2 0.0528047 −3.99445 44.4954 −153.943
A3/2 0.0914605 3.2484 −127.043 1100.27
S1/2 −0.390738 −2.62643 241.206 −2308.8
Q2P = 0.1 α0 α1 α2 α3
A1/2 0.0272333 −2.03271 −6.31574 290.394
A3/2 0.0471694 1.65671 −753.350 9260.99
S1/2 −0.201517 −43.8988 2073.41 −25646.1
TABLE C9: γ∗N → N(1520) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
Q2P = 0.5 α0 α1 α2 α3
A1/2 0.181003 0.226792 −65.5359 505.850
A3/2 0.313506 −10.1636 115.459 −441.533
S1/2 −1.14365 64.3101 −1094.51 6112.63
Q2P = 0.3 α0 α1 α2 α3
A1/2 −0.104099 15.8638 −352.483 2267.69
A3/2 −0.180305 23.7837 −645.199 5150.67
S1/2 0.657742 −30.8373 598.689 −4049.48
Q2P = 0.1 α0 α1 α2 α3
A1/2 0.0527443 3.90692 −47.7833 −327.954
A3/2 0.0913559 2.65933 −49.0626 −773.299
S1/2 −0.333261 43.701 −1304.98 12426.6
TABLE C10: γ∗N → ∆(1700) amplitudes. Q2P is in GeV
2.
The coefficients αl are in units GeV
−1/2.
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